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The @and binding curve for a macromolecuiar system presents the average number of ligand molecules bound per ma- 

cromolecule as a function of the chemical potential or the lo_earithm of the ligand concentration. We sho~v that various ot- 
servable properties of this curve, for example its asymptotes and del;vatives. are expressible in terms of linear combinations 
of the mole fractions oi of macromolecules binding i molecules ot ligond. Whenever cnou& such properties of tie binding 
curve are known, the linear equations in ai cx~ be solved fo _eive the mole fractions of each of the various m~cromolccul~r 
species. An application of these results is that a Hill plot for hemoglobin-ligand equilibrium where the asymptorcs approach 
unit slope can be madr to yield the four Adair constants by a simple algebraic metho.i. A second use is that a knowledge of 
the fit and second derivatives of the binding cuwe at points along the curve can yield :he species frnctions as functions of 
the degree of saturation without diiecr knowledge of the ligand binding constnnts. These methods are illustrated by some 
numerical examples. 

I _ Introduction 

A ligand binding curie embodies the complex func- 
tional relation between the average number of ligand 
molecules bound to a macromolecule and the chemi- 
cal potential (or more commonly the logarithm of the 
concentration) of the free ligand. The shape of the 
curve and iis dependence on temperature, pressure, 

and concentrations of components, contain the basic 
thermodynamic information describing the bindins 

reaction [ 11. Underlying the general thermodynamic 
properties of the binding curve is the set of complex 
reactions that occur as binding takes place. When the 
binding macromolecule undergoes association or dis- 
sociation which depends on its state of ligation, the 
situation is particularly complex. Levitski and 
Schessinger [I?] and Colosimo et al. [3], who describe 

this case as “polysteiic linkage-‘, have shown such ag 
gregation effects essentially to require computer-cal- 
culated descriptions. 

However, when the macromolecule nroither asso- 

ciates nor disassociates during ligation, Wyman [ 1,4,5] 
points out that the binding curve can be simply de- 
scribed in terms of a binding potential proportional 
to the logarithm of a polynomial in the activity ofthe 
ligand - the so called binding polynomial - of which 
the leading (constant) term is unity: and Schellman [6] 
has shown how this binding polynomial is simply re- 
lated to the free energy of binding. The degree of the 

polynomial is equal to the number of ligand binding 
sites contained in the macromolecule ‘I and the vari- 

ous coefficients are known as the Adair constants. A 
knowledge of these constants as a function of the vari- 
ous physical and chemical variables which determine 

the state of the system provides a complete macro- 
scopic description of rhe behavior of the macromole- 
cule in relation to the ligand in question. In this paper 

” This is twe ahether or not the constants are dependent on 
one another. as they are when the sires are all dike and in- 
dependent, or when the binding curve is symmetrical or in 
the cas-’ of an allosteric system. 



we describe a practical method for determining these 
constants based on the possibility of expressing various 
observable features of the binding curve, such as its 
first and higher derivatives or the asymptotes of the 
corresponding Hill plot, in terms of linear combina- 
tions of the mole fractions of the several ligated forms. 

2. Theory 

Consider a macromolecule M which contains I sites 
for ligand X. The stepwise ligand-binding reactions for 
adding ligand X to a species MXi_l conraining i--l 
ligands are 

MXj_, + x + MX,, where i = 1 to r. (1) 

The mole fraction of the species containing i ligands, 
which we denote by CY,-, is defined in terms of the con- 
centrations (hlXi] of species hlXi (i = 0 to I) as 

Qi I ]~~Xi]/C]MXi] 

jsumm ation C. is from i = 0 to t) (2) 

The equilibrium constants for the reactions given by 
eq. (1) are expressible in these terms as 

Ki = WX,l / W$-, I [Xl, (3) 

or in terms of mole fractions, as 

I;i = 4./4.-t-r, (G) 

where [X] =x is the free ligand activity (concentration). 
Eq. (4) may be arranged as a linear equation in ai and 

q-1 

r~iX> Qi_l -‘yi = 0. (5) 

We can follow the same procedure for the overall reac- 
tion 

M +iX+MX, (i= 1 to I), (6) 

in terms of its equilibrium constant pi: 

pi = cyi/Qo”’ (i = 0 to t)_ (7) 

Here we have defined pi and the stepwise Ki’s as 

pi = A’tK2 _._ E;i. (8) 

Fq. (7) can also be arranged in linear form 

(BiX’) Qo -4_ = 0. (9) 

There are t equations of this form that define the in- 
terrelationships of fractional concentrations as binding 
takes place. 

The set of I linear equations from either eq. (5) or 
(9) involve I + 1 unknown fractions of,,.. ., 9. Another 
independent equation must be used if the Qi’S are to 
be solved. The simplest is the condition that the sum 
of mole fractions must equal unity: 

&.=l. 

Then from eq. (9) we obtain 

‘YO = t/~pi.U’, 
and 

(10) 

(11) 

(12) 

Next consider how the fractious ai are related to 
various properties thai describe the shape of the bind- 
ing curve. The average number Y of ligands bound is 
given as 

C= Ciq, 

and from eq. (9) and (11) we write 

(13) 

(14) 

This quantity may be identified as the first moment 
of the x’s about zero and the identL?cation can be ex- 
tended to higher order as fo!lows: 

or 

Yz = C i2pixi/C &xi, 

v3= Ci$, 

or 

d = C i3&xi/C sixi, 

(16) 

(17) 

(18) 

etc. T&se higher moments can themselves be related 
to Ser&tive: of the binding curve (F versus In x) by 



taking the derivative of eq. (14) and multiplying by x; 

or with eq5. (14) and (i6), 

dF -i 
dln.u=Y- 

- ($7 = (Y_@, 

(1% 

(~0) 

where (~-i$! is the second moment of the v’s now 
taken about ‘rhe mean vatue of V. This result was gixn 
by ~~yrn~ [ 11 as a generztlization of an earlier one due 
to Lidstrom-Lang. In rhe same way 

d7F 

d(ln x)* 
= Js - 3ii2 + 2(i;)3 = (&_.fi)3 (21) 

d3ii 

d(ln x)3 
=~-43~_3(v2)2+]2(i;):!~_6(V)4 

= (zL_5)4 - 3tv_v)7- (zj$ (23_) 

d?ij - -- 
-- = (v_@ 
d(in x)4 

- lO(v-F)3 (V-i)) (23) 

and it is evident that further derivatives wit? likewise 
be expressible in terms of still hi&er moments either 
about zero or about G ;2m In fact from a knowledge of 
ii, d C/d@ x), _ . . _ ., d’F/d(lnxy all such moments from 
1 to rtl can be obtained 53. 

We finally consider an integral property of the 
binding curve. The median ligand concenlration X, 
f I] satisges the integral equation 
t 

J In(x/x,)dP=O. 
0 

This equation follows from the equivalence of the 
areas defined (3) by the ordinate and the binding 
curve and (2) the ordinate and In x, . The free energy 
of saturating the macromolecule is given by t R T In x, _ 
it is ako equivalent to the standard state free energy 
change for the total binding reaction t X -t hl + MX, 
giver, by -RTln &_ Thus we obtain 

*2 ‘I his follows from the fact that drr’ld In x = F1 _F,- 
*3 I$ will be noted that the tirst derivative, and conscqueniiy 

.hr: --cond moment G-@ may be interpreted as a gen- 
eralizd buffering power; thus all derivatives of this buffer- 
ing power uilh respect to lnx can be expressed in terms 
of s.ucn h&tier momeirfs. 

fir = (l/x,)‘. (75) 

From the median property and the asymptotic be- 
havior of the binding curve as observed in the I-W plot 
three linear equations may be obtained with the aid of 
eqs. (5) and (9): 

Js,X%--a, =o, (16) 

(x/x,)8 “0 - cr{ = 0, (27) 

x,xu,_l-~ =o. (28) 

The distribution moments, along with the condition 
that the sum of fractions equals unity, give the addi- 
tional set of linear equations: 

CrO-+Q1 +a, +a3 +...+Q1= 1, c (79) 

tyI +2a,+3cx3+...+tor,=iS. (30) 

T “1 +2~,~+3~cr3i...~r~~*=v-, (31) 

Cx, + 23crz + 33L13 + . . + t3ff1 = 7, (37) 

* 

“1 + 2iLy-J + 3’or3 f . . + r’ur = VI’_ (33) 

If the shape of the binding cunre is symmetrical ahout 
its midpoint (x =xso, V= r/3) the7 additional linear 
equations also apply *4_ 

The well-known Hill plot [7] shc~vs In fC/(f- ii)] 
versus in x. The slope II of this plot at any point is 

(34) 

which along %th eq. (20) can be written as 

(35) 

By extension one sees that the higher derivatives ofrr 
will be related to the higher distribution moments. 

*4 These equations, which result from the symmete con- 
straint, pi&f/* = p,_i/~(‘-z~ft given by Wymq [4] are the 
foUowmg: x, = x50 = t, (x/x~o)‘ao -mr = 0, cc/xs,)-’ ff, 
-q_, = 0 ,....., (x/x&-*cKj - cx*_i = 0. 
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3. Applications to hemoglobin 

In order to illustrate how use can be made of this 
formalism, we shall consider the case of hemcgJobin 
with its four ligand binding siies. 

Ckse I 

coefficient fls3 at fifty percent saturation where V=2, 

First we examine tie features of a Hill plot asshown I 

in fig. 1. Such a plot is most often characterized by 
the asymptotes which determine K, and K,, the Hill 

z% 
B# I 

aqd the free ligand concentration or partial pressure 

at half saturation (xso). The five linear equations in 
q-‘s that contain this iniormation are derived from 

e&. (29), (30), (3 l), (35), (26) and (28). 

Qg+cY1 +cr3 +cy1= I 

lr, +2ru2+3a3+4cY4=v=2 

ot -t4~1~ +9cr3 + 16~ =2=)1&2 

K4xS0a3 - a4 = 0. 

Solving for q, a?, and cr3 then gives 

(I + 3/h’1x50 + 3h’4x50 + 8K4/h’1 ) 
a 2= 

D 

(1+3/2K,xSO+f K4xso+ 2K,lK,)q0 
-~- 

D 
--. 

f + 1/h-,x,o 
a3 = 

D - 

where 

10 tttz : ? 

(36) 

- loc~‘4Kq log’p; -Ids K,/4 

‘og P 
Fig. 1. Hitt plot showing: (a) limiting asymptotes at low and 
high degrees of saturation ior evaluation of K, and (b) deft- 
ing position of slope nllz at haif saturation pressurepllz. 

Since the values of al, a2 and cz3 can be computed at 
xso from the chosen properties of the Hill plot at ~50. 
K2 and K3 are given simply by 

(37) 

Wz see immediately that since a2 cannot be less than 
zero, only certain values of I150 are consistent with 
particular vaiues of Kl. K,, and ~50. The allowed val- 

ues uf tz50 are $5 

c5 Tfms in the limiting tise where Kc/K, - m, n50 i 4. Sim- 
ilaxly in the limiting case Ka/Kr - 0. n5o G 3. 

X [+ + ~4~5o)~~sdr5,,1-~. 

K3 = Q3/“2X50- (39) 

K3 = (+ + ~/K,x50)l[(1+3/K~x50+3K4x~o+8K4/K~) 

-_(3+3/X,~~~ +$ K4xso+ 2K4/K,)] xso. 



Table 1 
Comparison of K;2 and KS values from Hill plot data with literature values ‘) 

Parameters h%A<pH 7.4,ZS°C) a) 

Literature Hill plot 

HbA@W 6.96,lP”C) b, 

Literature 
___- 

Hilt plot 

nso f2.530) 2.6 2.5 (2.967) 3.0 3.0 2.9 
~so(mmHg 0~) (1.929) 1.8 1.8 (9.1S8) 9.2 9.5 9.2 
K’r(nimHgOz)-’ 0.316 0.32 0.32 o.0493 f 7% 0.047 0.047 0.047 
Kz (mmHgOl)-’ 0.443 (0.37) (0.50) 0.0427 2 7% (0.037) (0.035) (0.063: 
1y3 (mmH.g O,)-’ 0.500 (0.81) (0.60) 0.2212 78% (0.27) (0.25) (0.16) 
A’4 (mmHg 0~)~’ 1.088 1.00 1.00 0.320 5 21% 0.31 0.31 0.31 

a) Tyuma et al. [IO], no te values were evaluated from reported intrinsic ki values i.e. Kl = 31,. Kr? = + ic^z. K3 = G 83. K4 = 4 A.4. 
b) RoughtoTt and Lyster [9]. 
‘) The various data colums listed under “Hill plot” result from reading from the original Hill plats dferrwtive values for one or 

more of the gaph pararnzters. In any column calculated parameters are enclosed in parentheses. 

These equations permit all four Adair constants for 
hemoglobin ligation to be evaluated directly from R 
Hill plot whenever K, and K4 either arEt known before- 
hand or can be obtained by extrapolating the Hil! plot 
to its unity slope asymptotes. Table 1 shows two ex- 
ampfes from hemoglobin literature. In these cases xSo. 
iz50, K, and K4 were obtained directly from Hiil plots 
such as given by Tyuma et al. [X] and Roughton and 
Lyster fP]_ We compare our calcufated values of K2 
and _K3 with values for these constants obtained else- 
where by the more complex method of least-squares 
fitting of constants to the hemoglobin saturation 
isotherm_ 

The effect of taking different n50 values is shown 
to have a marked effect on values of K, and K3, iarge- 
ly ihiOLt& the infiuence on the fraction oz. This same 
effect is, of course, also noted in the error estifnate 
for K, and K3 given by Rou~ton and Lyster 191. The 
influence of t.b.2 choice of 550 is less marked. 

It is clear that K? and KS as calculated by our tech- 
nique agree WCU with values ob:ained from other 
sources. Thus this method is a useful and convenient 
way of obtaining a full set of Adair constants for hemo- 
fobs-iig~d systems directly from availabie Hill plots. 

We shall consider that the med~~~oncentra~on 
x, and the higher moments 7 and d are available 
from the integral and first and second derivatives of 
the binding curve. Then the set of five equations can 
be written as 

#&x0--q=o (40) 

where Q = (x/x,)~ _ We solve for the various ~iik to 

obtain 
‘1 

where 

A singularity occurs at Q = 1 t i.e. x = xrr,, but else- 
where the q’s are dete~inabie. This is due to the 



Table 2 
Mecln disageement between the fractions of hemoglobin species calculated from Adair equation and thaw determined without 

knowledge of binding constants by numerical analysis of the binding curve s+en by statistical constants a) 

Property Species No. Pts. Method b, 

hl hfX hlXz hlX3 hlX4 

-c> 
:d) 0.295 0.147 0.115 0.147 0.295 10 or 20 D&C2 

t 50.002 +o.oos to.007 ‘-0.006 *0.0#2 20 BC 

ai :O.OOO =o.oDO =C.OOO -0.000 ?O.ODO 20 HP 

*i 10.017 10.055 -0.080 10.055 =O.OI& 20 BCN 

Oi to.01 1 5pu.015 z3.018 +0.025 $0.01 I 10 %C 

a)(K, =4,Ki’:! ‘6 3 K3 _$& =$, b) see text. Cl Average value of the fraction of the indicared species over the interval 

C=OtoG=4. d) Swndard derivation of species fnciions determined from binding curve about anatyrical values. Results 
averaped over the interbat I F 0 fo G = 4. 

fact that when Q = 1, cyo =a4 with *he result that the 
determinant of the last four equaticns (in uI, cr7_, 03, 
tag) vanishes. 

To explore these equations further simulated bind- 
ing curves were generated from published equ~jb~um 
constants [IO]. A set of points equally spaced along 
:he abscissa from 1 to 99% saturation were taken to 
-resent the binding curve. The evaluation of >and 
d required numerical approximation of first and sec- 
ond derivatives at points along the curve. The approx- 
imate derivatives were obtained by treating the data 
points either riirectly in the form of the binding curve 
(BC method) or by transforming the points to the 
form of the Hill plot and trking numerical derivatives 
of the transformed data (HP method). The q‘s were 
evaluated for the given set of data points from the set 

of equations (41). At each point comparison of the 
esiimated % values was made with the directly calcu- 
lated % values (eq. (I 2). The standard deviation cri of 
the estimated % values from the directly calculated 9 
values were determined for the data set. The average 
value $ for the data set was also determined. The re- 
sults expressed in terms of cs;i and Ui for some illustra- 
tive f:ases are presested in tables 2 and 3. 

We fist examined the non-cooperative or statistical 
case. Increasing the number of points in the data set 
from ten to twenty results in a significant improve- 
ment as seen by the smailer oi values for the BC meth- 
od. To examine the effect of noise on the data, we in- 
rroduced random errors in the I values of the data set 
such that the standard deviation of the noisy data was 
1% of the average 5 of the data set. The noisy data 

Tabte 3 
Mean disagreement between ihe iractions of hemoglobin species calculated from Adair equation and those determined without 
knowledge of binding constants, by numerical analysis of the binding curve: stripped hemoglobin A. a) 

Property Species No. I%. 3Icthod b, 

M nU: MXZ MX3 h=4 

&YC) 

’ d) 
0.417 0.109 0.035 0.07 1 0.369 20 or 40 Direct 

oi rto.017 zKi.072 ?0.110 “0.070 $0.017 20 BC 
oi +0.0&I =0.022 +0.055 so.052 20.016 40 k3c 

9 50.002 -Lo_01 0 =0.018 =0.010 zo.001 20 HP 

Oi ~0.001 “0.004 to.009 ~0.00s LO.003 40 HP 
--- -- - 

“)Tyuma et al [8J.K1 = 0.456, Kz =0.24X. Ks = 0.780, & = 1.01. b, See text. ‘1 Average value of the Fraction of the indi- 
cated species over the interval 5= 0 IO ii = 4. d, Standard derivation of species fractions dete,mCned from binding curve about 
analytical values. Results avenged over ;he interval G = 0 to i; = 4. 
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was then examined by the BC method (BCN) and as 
seen in table 2 the oi values were greatly increased. A 
comparison of 0; values with g_ shows that the inter- 

mediate species (hlX, MX,, hlX3) are most difficult 
to evaluate. The use of the HP method leads to per- 
fect recovery of q’s. This is to be expected since the 
data for the statistical cse when transformed to a Hill 
plot fal! on a straight line and the derivatives then are 
precisely evaluated. 

Next we considered a typical cooperative case as 
given for stripped hemoglobin A. The results are shown 
in table 3. The errors in the recovered values of q are 
much larger than for the statistical case. This is pre- 
sumably due to the much smaller S_‘s_ In fact for the 
MX, species the standard deviation values exceeded 
the average fraction even when 40 points were used 
and examined by the BC method. Calculation using 
the Hill plot transform gives substantial improvement. 
This reflects the fact that the Hill plot has much less 
curvature over a wide degree of saturation than does 
the normal binding curve. 

In general the shape of the binding curve involves 
substantial contribution from higher derivatives with 
respect to lnx and numericaldifferentiation will lead 
to accurate values of pand 3 only if closely spaced 
points are taken. These examples underscore the fact 
that hot! extremely accurate data and closely spaced 
observation is needed to estimate ai values for highly 
cooperative cases by moment calculations. 

The conceptual importance of these equations is 
that they permit the fractions of species at any point 
along the binding curve to be calculated using only 
the local be/uv~%r of the curve plus the integral of the 
entire curve. That is, detailed knowledge of the curve 
at distant points is not required. On the other hand as 
the examples below make clear, VZQ~ precise knowledge 
of binding curve shape is necessary if this technique is 
to be put to practical use. 

4. Conclusion 

in the examples we have shown, taken from hemo- 
globin, the number of sites is equal to 1. In principle 
the method of course is applicable for any number of 
sites - we have only to qake use of progressively high- 
er derivatives of the bind:ng curve. In prar ,ice how- 
ever, given the inevitable lin,itation to the accuracy of 
any experimentally obtained bindmg curve, four ir 
about the IL-nit for which any such analysis is feasible. 
Beyond this point the value of the higher derivatives 
of this curve becomes subject to increasingly larger 

error. 
The advantage of the use of linear equations in 0;‘s 

is to provide direct estimates of the aj values from the 
derivative and asymptotic properties of the binding 
curve. One can therefore examine whether positive Cyi 
values are obtained throughout the entire span of the 
binding curve. Values Of A’i can be calculated from the 

derived pi values and the range of error on the average 
Ki values estimated. This procedure provides an alter- 
native to the non-linear wei_&ted least-squares meth- 
ods that are generally used to obtain pi values from 
binding data. 
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